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In this paper, the variation of permselectivity in the course of concentration polarization is systematically analyzed for a three-layer membrane system consisting of a nonperfectly permselective ion exchange membrane, homogeneous or heterogeneous, flanked by two diffusion layers of a binary univalent electrolyte. For a heterogeneous membrane, an ionic transport model is proposed, which is amenable to analytical treatment. In this model, assuming a constant fixed charge in the membrane and disregarding water splitting, the entire transport problem is reduced to solution of a single algebraic equation for the counterion transport number. It is concluded that for both types of membrane the concentration polarization may significantly affect the permselectivity of the system through the effects of the induced nonuniformity of the coion diffusion flux in the membrane (convexity of the coion concentration profile) and varying membrane-solution interface concentration. While the former is significant for low membrane fixed charge density, for a heterogeneous membrane, the latter might be considerably affected by the flux focusing effect at the permeable membrane segments. 
I. INTRODUCTION
Concentration polarization (CP) is an electrochemical term pertaining to the effects of formation of ionic concentration gradients [1] in an electrolyte solution adjacent to a permselective (charge-selective) surface (an electrode, an ion-exchange membrane, or an array of nanochannels in a microfluidic system) upon the passage of a dc current. CP results from diffusional limitation, that is, a concentration gradient develops so that the diffusion flux of coions rejected by the ion-exchange membrane compensates the electromigration flux caused by the applied potential [2, 3] . Intuitively speaking, the formation of concentration gradients should result in saturation of the current density caused by the vanishing of the interface concentration; when the current tends to its limiting value, the potential drop over the system tends to infinity. Nevertheless, in real ion-exchange systems, the limiting current density can be considerably exceeded. In practice, what is commonly viewed as the expression of CP is the characteristic nonlinear shape of an experimentally measured steady-state voltage-current (VC) curve: a low-current linear (Ohmic) region is followed by current saturation at the "limiting" value, corresponding to vanishing interface concentration, which is in turn followed by an inflection of the VC curve and the transition to the "overlimiting" conductance (OLC) regime.
The mechanism of OLC remained unclear for a long time, and still is a subject of intense research [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . We will not address this issue in the current study. Instead, we focus on a much simpler issue: variation of the overall counterionic transport number in the course of CP in general and of the CP in electrolyte diffusion layers, in particular. The ionic transport number, defined as the proportion of a particular ionic flux in the overall current density, is a major transport characteristic of a permselective system. For a perfect binary system, when the entire current through the membrane is carried by the counterions only, their transport number equals unity (and so the coion transport number is zero). For a nonperfect system the counterion transport number lies between one-half and unity.
In the membrane literature, confusion has existed for a long time about this notion. On the one hand, it is perfectly well recognized that the ionic transport numbers in a membrane system depend on the transport regime [15] . On the other hand, quite commonly the overall transport numbers are employed as material characteristics, on a par with the membrane thickness, fixed charge density, porosity, etc., as if they were independent of the regime of operation, e.g., of the magnitude of the electrical current passed through the system [2, [16] [17] [18] . This might originate from the classical seminal study of CP by Spiegler [2] , in which the assumption of constant counterion transport number independent of the current was used in the boundary condition at the membrane-solution interface.
In this paper, we embark on sorting out this confusion through a systematic analysis of the CP effect on the counterionic transport number in homogeneous and heterogeneous membranes, focusing on purely electrostatic aspects (in the spirit of recent micro-and nanochannel studies in which the transport in a nanochannel is modeled directly [19] ); thus, we disregard the water splitting and possible variations of the membrane charge in the course of CP [6, 7, 14] . We begin in Sec. II with the analysis of a simple one-dimensional (1D) three-layer setup consisting of a nonperfectly permselective homogeneous ion-exchange membrane flanked by two diffusion layers of a univalent binary electrolyte. From there, we proceed in Sec. III to generalizing this analysis for a heterogeneous membrane. As a by-product, we come up with a simple 2D model of steady-state ion transfer through a nonperfect heterogeneous membrane amenable to analytic treatment. Technically speaking, the entire problem is reduced to solving a single algebraic equation for the ionic transport number. This is a considerable generalization of the previous one-layer 2D models of heterogeneous membranes assuming perfect permselectivity [20, 21] . Finally, we point out that the fluid through flow, important in micro-and nanofluidic contexts (Refs. [19, 22] is negligible for dense nonporous ion-exchange electrodialysis membranes addressed here, and, thus, is left beyond the scope of this study. 
II. HOMOGENEOUS CATION-EXCHANGE MEMBRANE
In this section we address a simple 1D three-layer problem, modeling CP in an imperfectly permselective membrane flanked by two univalent binary electrolyte diffusion layers of different thicknesses bordered by two stirred bulk liquids (Fig. 1 ). The corresponding model problem in the dimensionless form reads
Here c + and c − are the dimensionless concentrations of cations (counterions) and anions (coions), respectively (notations with tildes are used below for the dimensional variables, as opposed to their untilded dimensionless counterparts), normalized by the outer stirred bulk concentrationc 0 :
and c is the dimensionless salt concentration. ϕ and V are the dimensionless electric potential and voltage, respectively, normalized by the thermal potential kT /e:
x is the dimensionless spatial coordinate normalized by the thickness of the depleted diffusion layer l, which equals the thickness of the membrane, and L is the dimensionless thickness of the enriched diffusion layer:
N is the dimensionless fixed charge density in the membrane:
and H (x) is the Heaviside step function. Equations (1) are the steady-state Nernst-Planck equations, where j + and j − are the dimensionless ionic fluxes (with a minus sign; for simplicity, equal ionic diffusivities are assumed, the same for the solution and the membrane) in the depleted diffusion layer, 0 < x < 1, in the membrane, −1 < x < 0, and in the enriched diffusion layer, −L − 1 < x < −1. Equation (2) is the mean electroneutrality condition held in the membrane and diffusion layers, where N (x) is the fixed charge density (0 in diffusion layers and N > 0 in the membrane). The conditions (3) fix the concentrations at the outer edges of the unstirred diffusion layers equal to the concentrations in the stirred bulk (L is the dimensionless thickness of the enriched diffusion layer). Conditions (4) specify the potential drop across the layers; see Fig. 1 .
Furthermore, the relevant conditions of continuity at the electrolyte-membrane interfaces, after applying the electroneutrality condition (2) , are
Conditions (9) and (10) impose the continuity of fluxes in the electrolyte-membrane interfaces at points x = −1 and x = 0, respectively; whereas (11) and (12) impose the continuity of the electrochemical potentials at the same points. The proposed "leaky" membrane model [10] is just a version of the classical Teorell-Meyer-Sievers [23, 24] or Spiegler [2] model of ionic transport through an ion-exchange membrane.
Substituting the electroneutrality condition (2) into Eq. (1) yields
Here −J and −I are the total salt flux and the electrical current density, respectively. Integrating Eqs. (13) and (14) in the diffusion layers −L − 1 < x < −1 and 0 < x < 1 and applying boundary conditions (3) and (4), we easily derive the following expressions for the concentration and electric potential within the diffusion layers:
Furthermore, using Eqs. (13) and (14) inside the membrane we obtain
Integrating Eq. (17) and applying the continuity of the electrochemical potentials μ + = ln c + + ϕ and μ − = ln c − − ϕ across the electrical double layers (EDLs) at the electrolytemembrane interface, Eqs. (11) and (12), results in the following algebraic equation:
where
Finally, substituting (19) and (20) into (18) yields the following equation relating I to J :
To derive the voltage-current relation, we notice that in a three-layer system (Fig. 1) , the overall voltage drop V = ϕ| x=−L−1 − ϕ| x=1 is the sum of the electric potential drops across the membrane and two diffusion layers and the potential jumps at the two membrane-solution interfaces, corresponding to the interfacial EDLs, obeying relations (11) and (12) . Thus, using (11), (12) , (15) , and (16) we find
The solution of the algebraic equation (21) in terms of Lambert functions [25] with respect to I, (0 < I < I lim −→ N→0 ∞) for a given J (0 < J < 2, irrespective of N ), yields the counterion transport number τ + ,
varying between one-half (for a nonselective membrane) and unity (for a perfect permselective membrane). The calculation is completed by computing the voltage V for a given I through Eq. (22) . To characterize the overall effect on permselectivity let us define τ 0 as the equilibrium value of τ + at zero current, τ lim as the corresponding value at the limiting current, along with τ = τ lim − τ 0 for the variation of τ + in the course of CP. For τ 0 we have from Eq. (21)
The decrease of τ 0 with increasing L in this expression corresponds to decreasing control by the membrane (the only permselective element) of the ionic fluxes in our system.
Similarly, at the limiting current J = 2, Eq. (21) yields for N 1
We note in this formula the appearance of a characteristic scale N ∼ L 2 for the CP effect on permselectivity. In Figs. 2(a)-2(c) we plot the counterion transport number τ + versus the salt flux J for varying membrane fixed charge density N and dimensionless thickness of the enriched diffusion layer L. In the inset we present the computed V -J dependence. The limiting value 2 of J corresponds to vanishing of the solute concentration at the depleted interface x = 0. In Fig. 2(d) we plot τ 0 [Eq. (24)] along with τ lim , Fig. 2(e), and τ , Fig. 2(f) , for the intermediate range of N .
The strong dependence of the counterionic transport number on J observed in Figs. 2(a)-2(c) is due to the interface concentration variation in the course of CP. When the depleted layer is thicker than the enriched one (L 1), a minor increase in the counterionic transport number is observed, due to the increased permselectivity at the depleted side of the membrane [ Fig. 2(a) ]. When the enriched diffusion layer is thicker than the depleted one (L 1), a considerable decrease in the counterionic transport number may occur, due to the increasing asymmetry between the minor gain of permselectivity at the depleted interface and its major loss at the enriched one [ Fig. 2(c) ]. This CP effect is almost absent in the symmetric case (equal diffusion layer thicknesses L = 1), unless the membrane permselectivity is poor [ Fig. 2(b) , lines 2,3 compared to line 1]. The reason is that, as may be easily found through differentiation of Eq. (17), for a decreasing salt concentration depicted in Fig. 3 , the salt concentration profile in the membrane is convex: (26) that is, the salt concentration lies above the corresponding linear profile. Thus, for a membrane with high permselectivity, the electric field in the membrane is nearly constant and the salt profile in the membrane is practically linear. As a result, the gain in permselectivity at the depleted side of the membrane is practically compensated by the corresponding loss at the enriched side. For a poorly permselective membrane, the strong variation of the membrane conductivity, Eq. (17), and the nonconstancy of the electric field result in pronounced convexity of the salt concentration profile in the membrane developing in the course of concentration polarization (see Fig. 3 ) and yield a decrease in the counterion transport number even for diffusion layers of equal thicknesses.
These observations are summarized in Fig. 2(f) : With a thin enriched diffusion layer (plot 1) the initial increase of the τ is due to the appearance of permselectivity, increasing with depletion in the course of CP. This rise is followed by decrease towards zero corresponding to perfect permselectivity at N 1, Figs increase of the interface concentration at the enriched side of the membrane [dominating up to N = O(L 2 )] is followed by a negative minimum of τ at N ∼ L 2 and a subsequent growth of τ to zero in accordance with Eqs. (24) and (25) .
III. HETEROGENEOUS CATION-EXCHANGE MEMBRANE
In this section we analyze the effect of CP on the counterionic transport number for a heterogeneous membrane in the three-layer setup of the previous section, as sketched in Fig. 4 . The membrane is modeled as a periodic array of impermeable and ion-exchange parts. Mathematically, this yields the following formulation:
Diffusion layers (depleted layer 0 < x < 1, 0 < y < 1 and enriched layer −L − 1 < x < 1, 0 < y < 1):
Membrane (−1 < x < 0, 0.5 − h < y < 0.5 + h): 
Continuity conditions at the membrane-solution interfaces
(x = −1, 0; 0.5 − h < y < 0.5 + h): (ln c + ϕ)| x=−1− = (ln[c + N] + ϕ)| x=−1+ , (29) (ln c − ϕ)| x=−1− = (ln c − ϕ)| x=−1+ ; (ln c + ϕ)| x=0+ = (ln[c + N] + ϕ)| x=0− ,(30)(ln c − ϕ)| x=0+ = (ln c − ϕ)| x=0− ; (c x + (c + N )ϕ x )| x=−1− = (c x + cϕ x )| x=−1+ , (31) (c x − cϕ x )| x=−1− = (c x − cϕ x )| x=−1+ ; (c x + (c + N )ϕ x )| x=0+ = (c x + cϕ x )| x=0− ,(32)(c x − cϕ x | x=0+ ) = (c x − cϕ x )| x=0− .
Vanishing fluxes at the symmetry lines and the impermeable part of the membrane:
Of course the very same setup is suitable for modeling a micro-or nanochannel junction [26] [27] [28] .
To allow for analytical treatment of the problem (27)- (35), let us neglect the transverse variation (y dependence) of the electric potential and ionic concentrations within the ion exchange channel, that is, let us assume
Then, matching the ionic electrochemical potentials and ionic fluxes at the channel-solution interfaces x = −1,0 yields 
Here, taking into account Eq. (37):
whereas c 0 (x,y) is subject to determination from the solution of the following boundary-value problem:
c 0x | x=−1,0 = 0, 0 < y < 0.5 − h and 0.5 + h < y < 1;
The solution to this problem reads
where a n = sin 2πnh (πn) 2 cosh 2πn
; b n = sin 2πnh (πn) 2 
cosh 2πnL
.
Membrane: Substituting condition (36) in Eqs. (28) yields
where −I is the total electric current,
012302-5 Integrating Eq. (52) and applying boundary conditions (29) and (30) results in the following algebraic equation relating I to J :
Here,
(b) Computation of electric potential. Applying constancy of the flux densities at the channel-solution interface, j ± , defined by (37), we find
Assumption (36) reduces Eqs. (28) to their 1D version
Integration of (58) along the permeable channel yields
where c| 0− , c| −1+ are specified by Eqs. (55) and (56). Finally, making use of the boundary conditions (39) and (41), we find The first effect is due to the increased control of the ionic fluxes by the membrane (mentioned in the previous section) upon decrease of the channel width. The smaller is the width of the channel the higher is the membrane resistance and, thus, the more it controls the overall permselectivity. Thus for a very narrow channel h 1, according to Eq. (54) the counterion transport number in the heterogeneous three-layer setup approaches that of the membrane alone (dashed line in the first row in Fig. 6 corresponding to h = 0.01):
This value corresponds to the L,l = 0 limit in the expression
valid for a homogeneous setup. Here l is the dimensionless thickness of the depleted layer important in this context [for brevity, l is assumed unity elsewhere in this paper; for l = 1, Eq. (62) is identical with Eq. (24)]. The second effect, the decrease of permselectivity with development of CP for symmetric diffusion layers or a thick enriched diffusion layer is just an analog of the CP effect of the previous section (reproduced in row IV in Fig. 6 for comparison). While the first effect is the same also in column (a) in Fig. 6 , corresponding to a thin enriched diffusion layer, the effect of CP is different and worthy of the following separate discussion.
In this column, upon increase of the channel width, we observe the reversal of the direction of variation of τ + with increase of J . This is due to flux focusing at the channelsolution interface which is the main qualitative footprint of heterogeneity in our system, illustrated in Fig. 7 . In this figure we depict the interface salt concentration profiles c(−1,y) and c(0,y) for limiting salt flux J 0 (for a unit thickness of the depleted diffusion layer) solely dependent on the channel width h, Fig. 7 (e), and varying channel width and thickness of the enriched diffusion layer. The essence of flux focusing is that the salt flux through the channel, J , is higher than its average over the entire membrane surface, 2hJ . For a given channel width, the shorter is the respective diffusion layer, the more flux focusing affects the interface concentration. Correspondingly, for a thin enriched diffusion layer, the drop in permselectivity due to increase of the interface concentration for maximal focusing at the minimal channel width (row I, Fig. 6 ) overtakes the opposite effect due to depletion, typical of a wide channel (nearly homogeneous membrane, row III, practically identical with row IV corresponding to a homogeneous membrane). The very same focusing effect also causes a steeper decrease of permselectivity in CP for a narrow channel than for a wide one in the symmetric case [column (b) in Fig. 6] .
In Fig. 8 we summarize these findings through plotting the dependence of τ 0 , τ lim , and τ on N for varying h and L. 
IV. CONCLUSIONS
In the three-layer setups analyzed, the counterionic transport number strongly depends on the electric current due to the interface concentration variation in the course of CP. For a homogeneous membrane, the main observations may be summarized as follows:
Highly permselective membrane. With the depleted layer thicker than the enriched one, the decrease of permselectivity with concentration polarization is insignificant due to the fact that at the depleted interface the permselectivity does not increase because it is high to begin with, whereas at the enriched interface the concentration variation is small. On the other hand, with the enriched diffusion layer thicker than the depleted one, a considerable loss of overall permselectivity may occur, the bigger the larger is the ratio of the diffusion layer thicknesses. Thus, for a thick enriched diffusion layer the main mechanism of counterion transport number reduction with concentration polarization is the increasing asymmetry between the minor gain of permselectivity at the depleted interface and its major loss at the enriched one.
Poorly permselective membrane. Variation of salt concentration across the membrane and its related variation of conductivity result in the nonconstancy of the electric field. This, in turn, results in increased convexity of the salt concentration profile in the membrane and a related drop of permselectivity.
For a heterogeneous membrane, the aforementioned effects interact, with the effect of flux focusing at the entrance to and the exit from the channel. The thinner is the corresponding diffusion layer, the stronger is the latter effect, amounting to the increase of the effective flux through the channel compared to the nominal average flux through the overall membrane surface.
The purely electrostatic model analyzed in this paper constitutes a "kinematic" step towards comprehensive understanding of the effects of CP on permselectivity. Numerous effects inherent in CP, such as water splitting and possible variations of the membrane charge [10, 14] , left beyond the scope of our analysis, should be addressed in future studies.
